A set S of vertices of a graph G is a defensive k-alliance in G if every vertex of S has at least k more neighbors inside of S than outside. This is primarily an expository article surveying the principal known results on defensive alliances in graph. Its seven sections are: Introduction, Computational complexity and realizability, Defensive k-alliance number, Boundary defensive k-alliances, Defensive alliances in Cartesian product graphs, Partitioning a graph into defensive k-alliances, and Defensive k-alliance free sets.
Introduction
Alliances occur in a natural way in real life. General speaking, an alliance can be understood as a collection of elements sharing similar objectives or having similar properties among all elements of the collection. In this sense, there exist alliances like the following ones: a group of people united by a common friendship, or perhaps by a common goal; a group of plants belonging to the same botanical family; a group of companies sharing the same economic interest; a group of Twitter users following or being followed among themselves; a group of Facebook users sharing a common activity.
Alliances in graphs were described first by Kristiansen et al. in [26] , where alliances were classified into defensive, offensive or powerful. Defensive alliances in graphs were defined as a set of vertices of the graph such that every vertex of the alliance has at most one neighbor outside of the alliance than inside of the alliance. After this seminal paper, the issue has been studied intensively. Remarkable examples are the articles [32, 35] , where the authors generalized the concept of defensive alliance to defensive k-alliance as a set S of vertices of a graph G with the property that every vertex in S has at least k more neighbors in S than it has outside of S.
Throughout this survey G = (V, E) represents a undirected finite graph without loops and multiple edges with set of vertices V and set of edges E. The order of G is |V | = n(G) and the size |E| = m(G) (If there is no ambiguity we will use only n and m). We denote two adjacent vertices u, v ∈ V by u ∼ v and in this case we say that uv is an edge of G or uv ∈ E. For a nonempty set X ⊆ V , and a vertex v ∈ V , N X (v) denotes the set of neighbors that v has in X: N X (v) := {u ∈ X : u ∼ v} and the degree of v in X is denoted by δ X (v) = |N X (v)|. In the case X = V we will use only N(v), which is also called the open neighborhood of a vertex v ∈ V , and δ(v) to denote the degree of v in G. The close neighborhood of a vertex v ∈ V is N[v] = N(v)∪{v}. The minimum and maximum degree of G are denoted by δ and ∆, respectively.
Given k ∈ {−∆, . . . , ∆}, a nonempty set S ⊆ V is a defensive k-alliance in G = (V, E) if
Notice that equation (1) is equivalent to
The minimum cardinality of a defensive k-alliance in G is the defensive k-alliance number and it is denoted by a k (G). The case k = −1 corresponds to the standard defensive alliances defined in [26] . A set S ⊆ V is a dominating set in G if for every vertex v ∈ S, δ S (v) > 0 (every vertex in S is adjacent to at least one vertex in S). The domination number of G, denoted by γ(G), is the minimum cardinality of a dominating set in G [20] . A defensive k-alliance S is called global if it forms a dominating set. The minimum cardinality of a global defensive k-alliance in G is the global defensive k-alliance number and it is denoted by γ d k (G). As a particular case of defensive alliance, in [41] was defined and studied the limit case of equation (1) . In this sense, they defined a set S ⊂ V as a boundary defensive k-alliance in G, k ∈ {−∆, . . . , ∆}, if δ S (v) = δ S (v) + k, ∀v ∈ S.
A boundary defensive k-alliance in G is called global if it forms a dominating set in G. Notice that equation (3) is equivalent to δ(v) = 2δ S (v) − k , ∀v ∈ S.
Note that there are graphs which does not contain any boundary defensive k-alliance for some values of k. For instance, the hypercube graph Q 3 has no boundary defensive 0-alliances. Defensive alliances have been studied in different ways. The first results about defensive alliances were presented in [17, 26] and after that several results have been appearing in the literature, like those in [1, 3, 4, 6, 8, 12, 13, 14, 18, 19, 21, 22, 27, 28, 29, 30, 36, 37, 38] . The complexity of computing minimum cardinality of defensive k-alliances in graphs was studied in [5, 15, 23, 25, 37] , where it was proved that this is an NP-complete problem. A spectral study of alliances in graphs was presented in [27, 30] , where the authors obtained some bounds for the defensive alliance number in terms of the algebraic connectivity, the Laplacian spectral radius and the spectral radius 1 of the graph. The global defensive alliances in trees and planar graphs were studied in [3, 18] and [28] , respectively. The defensive alliances in regular graphs and circulant graphs were studied in [1] . Moreover, the alliances in complement graphs, line graphs and weighted graphs were studied in [37] , [30, 38] and [24] , respectively. Some relations between the independence number and the defensive alliances number of a graph were obtained in [8, 14] . Also, the partitions of a graph into defensive k-alliances were investigated in [12, 13, 21, 40] . Next we survey the principal known results about defensive alliances.
Computational complexity and realizability
The complexity of computing the minimum cardinality of a defensive k-alliance was studied in [6, 23, 25, 37] . Consider the following decision problem (for any fixed k).
DEFENSIVE k-ALLIANCE PROBLEM INSTANCE: A graph G = (V, E) and a positive integer ℓ < |V |. PROBLEM: Does G have a k-defensive alliance of size at most ℓ?
The above result supplements and generalizes known results obtained in [6, 23, 25] for k = −1. Also, as shown in [23, 25] , DEFENSIVE (−1)-ALLIANCE PROBLEM is NP-complete, even when restricted to split, chordal or bipartite graphs.
GLOBAL DEFENSIVE k-ALLIANCE PROBLEM INSTANCE: A graph G = (V, E) and a positive integer ℓ < |V |. PROBLEM: Does G have a global defensive alliance of size at most ℓ?
Up to our knowledge, a general solution for this problem is still unknown and, as we can see below, for k = −1 the problem is NP-complete.
As shown in [23] , GLOBAL DEFENSIVE (−1)-ALLIANCE PROBLEM is NP-complete, even when restricted to chordal graphs or bipartite graphs.
No we consider some realizability results. Since every global (−1)-alliance is also a dominating set, we know that γ
. In fact, as was shown in [4] , any three positive integers satisfying these inequalities are achievable as the (−1)-alliance number, the domination number, and the global (−1)-alliance number of some graph G. The next result concerns not only the minimum cardinality of a defensive (−1)-alliance, defensive 0-alliance or a global defensive (−1)-alliance of a graph but also the subgraphs induced by these alliances.
Theorem 5.
[4] Given 1 ≤ a ≤ b and any two connected graphs H 1 and H 2 with orders a and b respectively, there exists a connected graph G with the following properties.
• H 1 is isomorphic to the subgraph induced by the only defensive alliance of G that has minimum cardinality a −1 (G).
• H 2 is isomorphic to the subgraph induced by the only strong defensive alliance of G that has minimum cardinality a 0 (G).
As the following result states, any connected graph is the subgraph induced by the unique minimum global (−1)-alliance (0-alliance) of some graph.
Theorem 7.
[4] Given a connected graph H, there exists a connected graph G for which H is the subgraph induced by the unique global defensive (−1)-alliance (respectively, 0-alliance) of G with minimum cardinality γ
3 Defensive k-alliance number According to the definitions, the domination number, global k-alliance number and alliance number must satisfy γ
for any graph G. Now we present some results related to the monotony of a k (G) and γ
Theorem 8. [30]
Let G be a graph of minimum degree δ and maximum degree ∆. For every
The following two results are obtained directly from Theorem 8.
Corollary 9. [30]
Let G be a graph of minimum degree δ and maximum degree ∆ and let t ∈ Z.
• If
, then a 2t−1 (G) + 1 ≤ a 2t+1 (G).
, then a 2(t−1) (G) + 1 ≤ a 2t (G).
Corollary 10. [30]
Let G be a graph of minimum degree δ. For every k ∈ {0, . . . , δ},
The first bounds on the defensive alliance number appeared in [17, 26] . For instance, the following results were obtained.
Theorem 12. [17, 26] For any graph G of order n and minimum degree δ,
and also
After that, some generalizations of the above results for the case of defensive k-alliances were presented in [30] .
Theorem 13.
[30] Let G be a graph of order n, maximum degree ∆ and minimum degree δ.
• For any k ∈ {−δ, . . . , ∆},
• For any k ∈ {−δ, . . . , 0},
The above bounds are achieved, for instance, for the complete graph G = K n for every k ∈ {1 − n, . . . , n − 1}.
The global defensive k-alliance number has been also bounded using some basic parameters of the graphs like minimum and maximum degrees, size, etc. For instance, it was shown in [19] that for any graph G of order n and minimum degree δ,
The next result generalizes the previous bounds to the case of global defensive k-alliances.
Theorem 14.
[29] Let G be a graph of order n, maximum degree ∆ and minimum degree δ. For any k ∈ {−∆, ..., ∆},
The upper bound is attained, for instance, for the complete graph G = K n for every k ∈ {1 − n, . . . , n − 1}. The lower bound is attained, for instance, for the 3-cube graph G = Q 3 , in the following cases:
It was shown in [19] that for any bipartite graph G of order n and maximum degree ∆,
The generalization of these bounds to the case of global defensive k-alliances is shown in the following theorem.
Theorem 15. [29]
For any graph G of order n and maximum degree ∆ and for any k ∈ {−∆, ..., ∆},
The above bound is tight. For instance, for the Petersen graph the bound is attained for every k:
For the 3-cube graph G = Q 3 , the above theorem leads to the following exact values of γ
Defensive k-alliance number of some particular graphs classes
We begin this section with a resume of the values for the (global) defensive alliance number of some basic families of graphs. These results have been obtained in [19, 26] .
Defensive alliances in regular graphs and circulant graphs were studied in [1] . In order to present some results from [1] it is necessary to introduce some notation. Given a graph G = (V, E) and a subset S ⊂ V , the subgraph induced by S will be denoted by S . The (k, δ)-induced alliance is the set of graphs H of order t, minimum degree δ H ≥ δ 2 , and maximum degree ∆ H ≤ δ, with no proper subgraph of minimum degree greater than
. This set is denoted by S (t,δ) .
Theorem 16. [1]
If G is a δ-regular graph, then S is a critical alliance 2 of G of cardinality t if and only if S ∈ S (t,δ) .
The (6)-regular graphs G satisfying that a d −1 (G) ∈ {4, 5, 6, 7} were characterized in [1] . For the case of circulant graphs the following results were obtained in [1] .
As a consequence, it was obtained in [1] that for the case of |M| = 3, it is satisfied that
Moreover, the authors of that article characterized the circulant graphs G such that a
An other class of graphs in which have been studied its defensive alliances is the case of planar graphs. For instance, [28] was dedicated to study defensive alliances in planar graphs, where are some results like the following one.
Theorem 18.
[28] Let G be a planar graph of order n.
(ii) If n > 6 and G is a triangle-free graph, then γ
The following result concerns the particular case of trees.
Theorem 19. [29]
For any tree T of order n, γ
The above bound is attained for k ∈ {−4, −3, −2, 0, 1} in the case of G = K 1,4 . As a particular case of above theorem we can derive the following lower bounds obtained in [19] .
Theorem 20. [19]
If T is a tree of order n, then
, 2 A critical alliance is an alliance such that it does not contain other alliance as a proper subset.
and these bounds are sharp.
Similar results were obtained in [3] by using also the leaves and support vertices of the tree, where the authors also characterized the families of graphs achieving equality in the bounds.
Theorem 21. [3]
Let T be a tree of order n ≥ 2 with l leaves and s support vertices. Then
.
A t-ary tree is a rooted tree where each node has at most t children. A complete t-ary tree is a t-ary tree in which all the leaves have the same depth and all the nodes except the leaves have t children. We let T t,d be the complete t-ary tree with depth/height d. With the above notation we present the following results obtained in [18] .
Theorem 23.
[18] Let d be an integer greater than three,
. Theorem 24.
[18] For d ≥ 2 and t ≥ 2,
An efficient algorithm to determine the global defensive alliance numbers of trees was proposed in [7] , where the authors gave formulas to compute the global defensive alliance numbers of complete r-ary trees for r = 2, 3, 4. Since Theorems 22 and 23 provide formulas for r = 2, 3, here we include the formula for r = 4.
Consider the family ξ of trees T , where T is a star of odd order or T is the tree obtained from K 1,2t 1 , K 1,2t 2 , ...,K 1,2ts , and tP 4 (the disjoint union of t copies of P 4 ) by adding s + t − 1 edges between leaves of these stars and paths in such a way that the center of each star K 1,2t i is adjacent to at least 1 + t i leaves in T and each leaf of every copy of P 4 is incident to at least one new edge, where t ≥ 0, s ≥ 2 and t i ≥ 2 for i = 1, 2, ..., s. Note that each support vertex of each tree in ξ must be adjacent with at least 3 leaves. Theorem 26.
[9] Let T be a tree of order n ≥ 3 with s support vertices. Then
with equality if and only if T ∈ ξ.
Relations between the (global) defensive k-alliance number and other invariants
It is well-known that the algebraic connectivity of a graph is probably the most important information contained in the Laplacian spectrum. This eigenvalue is related to several important graph invariants and it imposes reasonably good bounds on the values of several parameters of graphs which are very hard to compute. Now we present a result about defensive alliances, obtained in [30] .
Theorem 27. [30]
For any connected graph G and for every k ∈ {−δ, . . . , ∆},
The cases k = −1 and k = 0 in the above theorem were studied previously in [27] . Other relations between defensive alliances and the eigenvalues of a graph appeared in [36] , in this case related to the spectral radius.
Theorem 28. [36]
For every graph G of order n and spectral radius λ,
The particular cases of the above theorem k = −1 and k = 0 were studied previously in [27] . Some relationships between the independence number (independent domination number) and the global defensive alliance number of a graph were investigated in [8, 14] . For instance, the following results were obtained there. 
In order to present some results from [14] we introduce some notation defined in the mentioned article.
F 1 is the family of graphs obtained from a clique S isomorphic to K t by attaching t = δ S (u)+1 leaves at each vertex u ∈ S.
F 2 is the family of bipartite graphs obtained from a balanced complete bipartite graph S isomorphic to K t,t by attaching t + 1 leaves at each vertex u ∈ S.
F 3 is the family of trees obtained from a tree S by attaching a set L u of δ S (u) + 1 leaves at each vertex u ∈ S. (ii) Every bipartite graph
Similarly to the above result, some relationships between the independent domination number and the global defensive 0-alliance number of a graph were obtained in [14] .
Complement graph and line graph
As special cases of graphs in which their defensive alliances have been investigated, we have the complement graph and the line graph.
Theorem 32. [37]
If G is a graph of order n with maximum degree ∆, then
Theorem 33.
[37] Let G be a graph of order n such that γ(G) > 3 and k ∈ {−δ, ..., 0}. If the minimum defensive k-alliance in G is not global, then
Hereafter, we denote by L(G) the line graph of a simple graph G. Some of the next results are a generalization, to defensive k-alliances, of the previous ones obtained in [38] on defensive (-1)-alliances and defensive 0-alliances.
Theorem 34. [30]
For any graph G of maximum degree ∆, and for every k ∈ {2(1 − ∆), ..., 0},
Moreover, if δ 1 ≥ δ 2 ≥ ... ≥ δ n is the degree sequence of G, then for every
As a consequence of the above results, the following interesting result was obtained in [30] .
Corollary 36.
[30] For any δ-regular graph G, δ > 0, and for every k ∈ {2(1 − δ), ..., 0},
The cases k = −1 and k = 0 in the above results were studied previously in [38] . We recall that a graph G = (V, E) is a (δ 1 , δ 2 )-semiregular bipartite graph if the set V can be partitioned into two disjoint subsets V 1 , V 2 such that if u ∼ v then u ∈ V 1 and v ∈ V 2 and also, δ(v) = δ 1 for every v ∈ V 1 and δ(v) = δ 2 for every v ∈ V 2 .
Corollary 37. [30]
For any (δ 1 , δ 2 )-semiregular bipartite graph G, δ 1 > δ 2 , and for every
We should point out that from the results shown in the other sections of this article on a k (G), we can derive some new results on a k (L(G)).
Boundary defensive k-alliances
Several basic properties of boundary defensive alliances were presented in [41] .
Remark 38. [41]
Let G be a simple graph and let k ∈ {−∆, . . . , ∆}. If for every v ∈ V , δ(v) − k is an odd number, then G does not contain any boundary defensive k-alliance.
Remark 39. [41]
If S is a defensive k-alliance in G andS is a global offensive (−k)-alliance in G, then S is a boundary defensive k-alliance in G.
Theorem 40.
[41] Let G = (V, E) be a graph and let S ⊂ V . Let m( S ) be the size of S and let c be the number of edges of G with one endpoint in S and the other endpoint outside of S. If S is a boundary defensive k-alliance in G, then
Notice that if S is a boundary defensive k-alliance in a graph G, then a d k (G) ≤ |S|. So, lower bounds for defensive k-alliance number are also lower bounds for the cardinality of any boundary defensive k-alliance. Moreover, upper bounds for the cardinality of any boundary defensive kalliance are upper bounds for the defensive k-alliance number. For instance, the lower bound shown in Theorem 13 leads to a lower bound for the cardinality of any boundary defensive kalliance. In the next result we state an upper bound for the cardinality of any boundary defensive k-alliance, which is the same obtained in Theorem 13 for the defensive k-alliance number.
Remark 41. [41]
If S is a boundary defensive k-alliance in a graph G, then
As the following corollary shows, the above bounds are tight.
Corollary 42. [41]
The cardinality of every boundary defensive k-alliance S in the complete graph of order n is |S| = n+k+1 2
As a consequence of the above corollary it is concluded that the complete graph G = K n has boundary defensive k-alliances if and only if n + k + 1 is even.
The boundary defensive alliances were also related with the (Laplacian) spectrum of the graph as we can see below. The following theorems show the relationship between the algebraic connectivity (and the Laplacian spectral radius) of a graph and the cardinality of its boundary defensive k-alliances.
Theorem 43. [41]
Let G be a connected graph. If S is a boundary defensive k-alliance in G, then
If G = K n , then µ = µ * = n and ∆ = δ = n − 1. Therefore, the above theorem leads to the same result as Corollary 42.
Theorem 44. [41]
Notice that in the case of the complete graph G = K n , the above theorem leads to Corollary 42.
Boundary defensive k-alliances were also studied for the case of planar subgraphs. The Euler formula states that for a connected planar graph of order n, size m and f faces, n − m + f = 2. As a direct consequence of Theorem 40 and the Euler formula it is obtained the following result.
Corollary 45. [41]
Let G = (V, E) be a graph and let S ⊂ V . Let c be the number of edges of G with one endpoint in S and the other endpoint outside of S. If S is a boundary defensive k-alliance in G such that S is planar connected with f faces, then
, for k ∈ {5−δ, ..., δ}.
Theorem 46.
[41] Let G be a graph and let S be a boundary defensive k-alliance in G such that S is planar connected with f faces; then
The above bound is tight. For instance, the bound is attained for the complete graph G = K 5 where any set of cardinality four forms a boundary defensive 2-alliance and S ∼ = K 4 is planar with f = 4 faces.
Theorem 47. [41]
Let G be a graph and let S be a boundary defensive k-alliance in G such that S is planar connected with f > 2 faces.
By Corollary 45 the above bounds are tight.
Defensive alliances in Cartesian product graphs
We recall that the Cartesian product of two graphs G = (V 1 , E 1 ) and • a = c and bd ∈ E 2 , or
The study of defensive alliances in Cartesian product graphs was initiated in [26] , where the authors obtained the following result.
Theorem 48. [26] For any Cartesian product graph G H,
Let the graphs G = (V 1 , E 1 ) and H = (V 2 , E 2 ) and let S ⊂ V 1 ×V 2 be a set of vertices of G H. Let P G i (S) the projection of the set S over G i . Then for every u ∈ P G (S) and every v ∈ P H (S), it is defined X u = {(x, v) ∈ S : x = u} and Y v = {(u, y) ∈ S : y = v}.
Theorem 49. [40] If S ⊂ V 1 ×V 2 is a defensive k-alliance in G H, then for every u ∈ P G (S) and for every v ∈ P H (S), P H (X u ) and P G (Y v ) are a defensive (k − ∆ 1 )-alliance in H and a defensive (k − ∆ 2 )-alliance in G, where ∆ 1 and ∆ 2 are the maximum degrees of G and H, respectively.
Also, as the union of defensive k-alliances in a graph is a defensive k-alliance in the graph, it is obtained the following consequence of the above result.
Corollary 50. [40] Let the graphs G = (V 1 , E 1 ) and H = (V 2 , E 2 ) of maximum degree ∆ 1 and ∆ 2 , respectively. If S ⊂ V 1 × V 2 is a defensive k-alliance in G H, then the projections P G (S) and P H (S) of S over the graphs G and H are a defensive (k − ∆ 2 )-alliance and a defensive (k − ∆ 1 )-alliance in G and H, respectively.
Corollary 51. [40]
Let the graphs G = (V 1 , E 1 ) and H = (V 2 , E 2 ) of maximum degree ∆ 1 and ∆ 2 , respectively. If G H contains defensive k-alliances, then G i contains defensive (k −∆ j )-alliances, with i, j ∈ {1, 2}, i = j and, as a consequence,
Also, in [40] some relationships between a
Theorem 52.
[40] For any graph G and H, if S 1 is a defensive k 1 -alliance in G and S 2 is a defensive k 2 -alliance in H, then S 1 × S 2 is a defensive (k 1 + k 2 )-alliance in G H and
The bound of the above theorem is a general case of the results obtained in Theorem 48. Another interesting consequence of Theorem 52 is the following.
Corollary 53. [40]
Let G and H be two graphs of order n 1 and n 2 and maximum degree ∆ 1 and
As a consequence of Theorem 52 it is obtained the following relationship between global defensive alliances in Cartesian product graphs and global defensive alliances in its factors.
Corollary 54. [40] Let the graphs G = (V 1 , E 1 ), H = (V 2 , E 2 ) of minimum degree δ 1 , δ 2 and maximum degrees ∆ 1 and ∆ 2 , respectively.
(ii) If H contains a global defensive k 2 -alliance, then for every integer k 1 ∈ {−∆ 1 , ..., δ 1 }, G H contains a global defensive (k 1 + k 2 )-alliance and
For a particular study of global defensive (−1)-alliances of Cartesian product of paths and cycles we cite [7] .
Partitioning a graph into defensive k-alliances
Other point of interest in investigating defensive alliances is related to graph partitions in which each set is formed by a defensive alliance. The partitions of a graph into defensive (−1)-alliances were studied in [12, 13] . In these articles the concept of (global) defensive alliance partition number, (ψ
, was defined as the maximum number of sets in a partition of a graph such that every set of the partition is a (global) defensive (−1)-alliance.
Theorem 55. [13] Let G be a connected graph of order n ≥ 3. Then
Theorem 56.
[13] Let G be a graph with minimum degree δ. Then
Moreover, the partitions of trees and grid graphs into (global) defensive (−1)-alliances, were studied in [12] and [21] , respectively. Theorem 57. [12] Let G be a connected graph with minimum degree δ. Then
As a consequence of the above result, the following interesting result was obtained in [12] .
Corollary 58.
[12] Let T be a tree of order n ≥ 3.
Moreover, some families of trees satisfying that ψ gd −1 (T ) = 1 or ψ gd −1 (T ) = 2 were characterized in [12] . The following results for the class of grid graphs P r P c are known from [21] .
Theorem 60.
[21] For 2 ≤ r ≤ c, ψ gd −1 (P r P c ) = 2. For any graph G = (V, E), in [40] is defined the (global ) defensive k-alliance partition number of G, denoted by (ψ
, to be the maximum number of sets in a partition of V such that each set of the partition is a (global) defensive k-alliance, where k ∈ {−∆, ..., δ}.
Extreme cases are ψ 
The following family of graphs was considered in [40] to analyze the tightness of several of its results.
Example 61. [40] Let k and r be integers such that r > 1 and r + k > 0 and let H be a family of graphs whose vertex set is V = ∪ r i=1 V i where, for every V i , V i ∼ = K r+k and δ V j (v) = 1, for every v ∈ V i and j = i. Notice that {V 1 , V 2 , ..., V r } is a partition of the graphs belonging to H into r global defensive k-alliances. A particular family of graphs included in H is K r+k K r .
Hereafter, H will denote the family of graphs defined in the above example.
Theorem 62. [40] For every graph G partitionable into global defensive k-alliances,
The above bounds are attained, for instance, in the following cases: 
Example of equality in the above relation is γ 
Theorem 65. [40] Let C gd (r,k) (G) be the minimum number of edges having its endpoints in different sets of a partition of G into r ≥ 2 global defensive k-alliances. Then
if and only if G ∈ H.
From Theorem 13 is obtained that
By Theorem 65 and equation (6) are obtained the following two necessary conditions for the existence of a partition of a graph into r global defensive k-alliances. , then G cannot be partitioned into r global defensive k-alliances.
Partitioning a graph into boundary defensive k-alliances
Let G = (V, E) be a graph and let Π . Examples of bounds of r are the following two corollaries.
As a consequence of Remark 41 the following bounds are obtained .
Corollary 67. [40] If G can be partitioned into r boundary defensive k-alliances, then
The above bounds are tight. For instance, if n is even, each pair of vertices of K n forms a boundary defensive (3 − n)-alliance. Thus, K n can be partitioned into n 2 of these alliances. As a consequence of Theorem 43 the following result is obtained .
Corollary 68. [40] If G can be partitioned into r boundary defensive k-alliances, then
The above bounds are tight. By Corollary 68 it is concluded, for instance, that if the Petersen graph can be partitioned into r boundary defensive k-alliances, then k = 1 and r = 2 (in this case ∆ = δ = 3, µ = 2 and µ * = 5).
Theorem 69. [40] Let G = (V, E) be a graph and let M ⊂ E be a cut set partitioning V into two boundary defensive k-alliances S and S, where k = ∆ and k = δ. Then
Corollary 70. [40] Let G = (V, E) be a δ-regular graph and let M ⊂ E be a cut set partitioning V into two boundary defensive k-alliances S and S. Then |S| = n 2
and |M| =
Theorem 71. [40] If {X, Y } is a partition of V into two boundary defensive k-alliances in G = (V, E), then, without loss of generality,
By Corollary 70 and Theorem 71 it is obtained the following interesting consequence.
Theorem 72.
[40] Let G = (V, E) be a δ-regular graph. If G is partitionable into two boundary defensive k-alliances, then the algebraic connectivity of G is µ = δ − k (an even number).
By the above necessary condition of existence of a partition of V into two boundary defensive k-alliances it follows that, for instance, the icosahedron cannot be partitioned into two boundary defensive k-alliances, because its algebraic connectivity is µ = 5 − √ 5 ∈ Z. Moreover, the Petersen graph can only be partitioned into two boundary defensive k-alliances for the case of k = 1, because δ = 3 and µ = 2.
Partitioning G H into defensive k-alliances
In this subsection some relationships between ψ
From Theorem 52 it follows that if G contains a defensive k 1 -alliance and H contains a defensive k 2 -alliance, then G H contains a defensive (k 1 + k 2 )-alliance. Therefore, the following result is obtained.
Theorem 73.
[40] For any graphs G and H, if there exists a partition of G i into defensive k i -alliances, i ∈ {1, 2}, then there exists a partition of G H into defensive (k 1 + k 2 )-alliances and
In the particular case of the Petersen graph, P , and the 3-cube graph, Q 3 , it follows ψ
As example of equality we take G = P , H = Q 3 , k = 1 and s = 3. In such a case,
At next we presented some results about global defensive k-alliances.
Corollary 76. [40] If G i is a graph of order n i such that ψ
For the graph C 4 Q 3 , by taking k 1 = 0 and k 2 = 1, equalities in Theorem 75 and Corollary 76 are obtained.
Defensive k-alliance free sets
A set Y ⊆ V is a defensive k-alliance cover, k-dac, if for all defensive k-alliance S, S ∩ Y = ∅, i.e., Y contains at least one vertex from each defensive k-alliance of G. A k-dac set Y is minimal if no proper subset of Y is a defensive k-alliance cover set. A minimum k-dac set is a minimal cover set of smallest cardinality. Also, a set X ⊆ V is defensive k-alliance free set, k-daf, if for all defensive k-alliance S, S \ X = ∅, i.e., X does not contain any defensive k-alliance as a subset. A k-daf set X is maximal if it is not a proper subset of any defensive k-alliance free set. A maximum k-daf set is a maximal free set of biggest cardinality.
Hereafter, if there is no restriction on the values of k, we assume that k ∈ {−∆, ..., ∆}.
Theorem 77. [32, 33] (i) X is a defensive k-alliance cover set if and only if X is defensive k-alliance free set.
(ii) If X is a minimal k-dac set then, for all v ∈ X, there exists a defensive k-alliance S v for which S v ∩ X = {v}.
(iii) If X is a maximal k-daf set, then, for all v ∈ X, there exists S v ⊆ X such that S v ∪ {v} is a defensive k-alliance.
Associated with the characteristic sets defined above we have the following invariants:
φ k (G): cardinality of a maximum k-daf set in G.
ζ k (G): cardinality of a minimum k-dac set in G.
The following corollary is a direct consequence of Theorem 77 (i).
Corollary 78. [32, 33] φ k (G) + ζ k (G) = n.
Our next result leads to a property related to the monotony of φ k (G).
Theorem 79. [31]
If X is a k-daf set and v ∈ X, then X ∪ {v} is (k + 2) − daf . Now we point out some known bounds on φ k (G) and one conjecture related to one of these bounds.
Theorem 81. [32, 33] For any connected graph G and k ∈ {0, ..., ∆},
Conjecture 82. [32, 33] For any connected graph G and −δ ≤ k ≤ ∆,
The next result shows other bounds on φ k (G).
Theorem 83. For any connected graph G and −∆ ≤ k ≤ ∆,
where µ denotes the algebraic connectivity of G.
The above bound is sharp as we can check, for instance, for the complete graph G = K n . As the algebraic connectivity of K n is µ = n, the above theorem gives the exact value of φ k (K n ) = n+k−1 2
.
Theorem 84. For any connected graph G and −∆ ≤ k ≤ ∆,
where µ * denotes the Laplacian spectral radius of G.
We emphasize that Corollary 88 and Proposition 85 lead to infinite families of graphs whose Cartesian product satisfies φ d k (G 1 G 2 ) = n 1 n 2 . For instance, if G 1 is a tree of order n 1 and maximum degree ∆ 1 ≥ 2, G 2 is a graph of order n 2 and maximum degree ∆ 2 , and k ∈ {2 + ∆ 2 , ..., ∆ 1 + ∆ 2 }, we have φ
(G 1 )n 2 = n 1 n 2 . In particular, if G 2 is a cycle graph, then φ d 4 (G 1 G 2 ) = n 1 n 2 . Another example of equality in Corollary 88 (ii) is obtained, for instance, taking the Cartesian product of the star graph S t of order t + 1 and the path graph P r of order r. In that case, for G 1 = S t we have δ 1 = 1, n 1 = t + 1 and φ d 0 (G 1 ) = t, and, for G 2 = P r we have δ 2 = 1, n 2 = r and φ On the other hand, it is not difficult to check that, if we take all leaves belonging to the copies of S t corresponding to the first r − 1 vertices of G 2 and we add the vertex of degree t belonging to the last copy of S t , we obtain a maximum defensive 0-alliance free set of cardinality t(r − 1) + 1 in the graph G 1 G 2 , that is, φ d 0 (G 1 G 2 ) = t(r − 1) + 1. This example also shows that this bound is better than the bound obtained in Remark 86, which is t r 2 + 1. In this particular case, both bounds are equal if and only if r = 2 or r = 3.
Theorem 89. [43] Let G i = (V i , E i ) be a graph and let S i ⊆ V i , i ∈ {1, 2}. If S 1 × S 2 is a k-daf set in G 1 G 2 and S 2 is a defensive k ′ -alliance in G 2 , then S 1 is a (k − k ′ )-daf set in G 1 .
Taking into account that V 2 is a defensive δ 2 -alliance in G 2 we obtain the following result.
Corollary 90. [43] Let G i = (V i , E i ) be a graph, i ∈ {1, 2}. Let δ 2 be the minimum degree of G 2 and let
By Theorem 87 (i) and Corollary 90 we obtain the following result.
Proposition 91.
[43] Let G 1 be a graph of maximum degree ∆ 1 and let G 2 be a δ 2 -regular graph. For every k ∈ {δ 2 − ∆ 1 , ..., ∆ 1 + δ 2 }, S 1 × V 2 is a k-daf set in G 1 G 2 if and only if S 1 is a (k − δ 2 )-daf set in G 1 .
